We introduce a q-deformation of the classical Möbius function and investigate its properties in connection with q-deformed truncated necklace rings. Also, we study the strictly natural isomorphism of q-deformed necklace rings.
Introduction
The necklace ring was first introduced by Metropolis and Rota [8] to explain the structure of the ring of big Witt vectors due to Cartier [2] . It has close connections to various areas such as combinatorics, group theory and ring theory. For example, it can be realized as the BurnsideGrothendieck ring of almost finite cyclic sets over Z and turns out to be isomorphic to the ring of big Witt vectors over rings satisfying suitable conditions. For more details, see [3, 4, 8, 11, 12] .
Recently, it has been shown that truncated necklace rings have a q-deformation when q varies over the set of integers (see [12] ). Let N be the set of positive integers. Also, we let N be a nonempty subset with the property that if n ∈ N , then every divisor of N is also contained in N . We then say that N is a truncation set. Given a commutative ring A and an integer q, the q-deformed N -truncated necklace ring over A is given by Nr In this case, n r q is called a strict natural isomorphism. It was shown in [12] that Nr q N is classified up to strict natural isomorphism by the set of prime divisors of q contained in N . However, the explicit form of the strict isomorphism has not been provided there. This was the initial motivation of this paper. We will provide it in Section 2. Nr q N also has a very natural functorial property. To be more precise, if M and N are truncation sets with M ∩ N = {1}, then there exists a functorial isomorphism satisfying a suitable condition. This result was published in [12, Theorem 25 ], but we found that there is a gap in the final step of the original proof since Nr q N (Z) is no longer a binomial ring. This led us to reprove Eq. (1.1). We expect that this method is also applicable to the q-deformed Witt-Burnside ring and the Burnside-Grothendieck ring of a profinite group (refer to [10] ).
From an aspect of combinatorics, q-necklace rings are closely related to q-Möbius functions. Motivated by this fact, we introduce a q-deformation of the classical Möbius function, which can be defined as follows: Let q be an indeterminate and let ζ q be an N × N matrix given by
Since ζ q is lower triangular with 1 on the diagonal, there exists its inverse, say μ q . Letting μ q (n) be μ q (n, 1) for all n ∈ N, it recovers the classical Möbius function when q = 1. In Section 3, we derive a relation between the q-Möbius function and the classical Möbius function utilizing the q-necklace polynomial
and the q-cyclotomic identity (x,n) .
In contrast with the classical Möbius function, μ q is no longer multiplicative except the case q = 1, 0, −1. Instead it has the following type of pseudo-multiplicative property which can be deduced from Eq. (1.1) (see Section 5):
For positive integers m, n which are relatively prime, we have
where f d,e (q) ∈ Q[q] are subject to the conditions:
e (q) are numerical polynomials in q, that is, it takes integer values at every integer argument, and
Finally, we remark that μ q has deep connections to the Möbius function due to Petrogradsky [13] which appeared in the context of restricted Lie p-algebras. This will be studied extensively in connection with necklace rings in Section 4.
The explicit form of strict natural isomorphism
This section provides the explicit form of the strict natural isomorphism between Nr q N and Nr r N when q, r have the same set of prime divisors in N . To begin with, we deal with the case N = N. 1 Assume that q, r be indeterminates. Let us introduce an N × N matrix λ q defined by
Since ϕ q (respectively ϕ r ) represents the left multiplication by λ q (respectively λ r ), n r q (A) should be defined by the left multiplication by (λ r ) − 
is called a necklace polynomial since it counts primitive necklaces of length n out of x-letters. Similarly, M q (x, n) has a very natural combinatorial meaning. It counts primitive q-necklaces of length n out of x-letters, which was due to Lenart [7] . In this sense, M q (x, n) will be called a q-necklace polynomial. Put B = nM q (x, n): n 1 and B = q n−1 x n : n 1 .
Since B and B are Q(q)-basis of the polynomial ring xQ(q) [x] , ζ q is nothing but the transition matrix from B to B and μ q the transition matrix from B to B. It is easy to show that
For convenience, we will use the notation
we have
We can rewrite this equation as
Here, the superscript t denotes the transpose of a matrix. Set Put n = n d and e = d d. Also, we put
Then the above equation is simplified to
Observe that the left-hand side of Eq. (2.4) coincides with the n th component of ϕ r (G 1 , G 2 , . . .) and the n th component of
is given by q n −1 . Since ϕ q is a ring isomorphism over a Q-algebra, it follows that
Therefore we can conclude
This completes the proof. (b) It follows from (a). 2
In some special cases, (λ r ) −1 λ q can be computed so easily. Here are such examples.
Example 2.4.
(a) Let r = −q. Utilizing
ifn is odd and n = 1, we obtain
(b) Let q = 1 and r = −1. Combining (a) with the fact
we obtain 
we obtain
By the restriction of index from N to N we can establish an analogous result for truncated q-necklace rings. 
q-Möbius function and q-necklace polynomial
The classical Möbius function, μ : N → N, is given by
Here, ω(n) denotes the number of distinct prime divisors of n. It can be better understood in the context of matrices. Let ζ be an N × N matrix defined by
Note that ζ is lower triangular with 1 on the diagonal. By abuse of notation we denote by μ the inverse of ζ , and let f, g : N → Q be functions satisfying
The Möbius inversion formula is then nothing but the relation
Let q be an indeterminate. As in Introduction, μ q denotes the inverse of ζ q . Note that the relation μ q ζ q = δ is equivalent to
Definition 3.1. Let q be an indeterminate. The q-Möbius function, denoted by μ q , is defined to be the function
Applying this result to Eq. (3.1) again yields
As in the classical case (more precisely, q = 1), q-necklace polynomials due to Eq. (2.1) play a crucial role in the study of q-Möbius function. By the definition of μ q , it is straightforward that
If q = 1, we will omit the superscript q in M q (x, n) and μ q . The following theorem shows the relation between the q-Möbius function and the classical Möbius function.
(a) If n has the prime factorization p
Here, ω(1) is assumed to be 0.
(b) For every n ∈ N we have
Proof. Since (b) can be proved in the exactly same way as (a), we will prove only (a). Replace r and q by q and 1, respectively. Then, Theorem 2.3 yields
Let d be a divisor of n. Comparing the coefficient of x in both sides of Eq. (3.4) yields the equality
Replacing μ q (n, 1) and μ(d, 1) by μ q (n) and μ(d), respectively, gives the first equality. The second equality follows from the definition of μ. 2
Example 3.3.
(a) Put q = −1 and n = 2 k n with n odd. From Eqs. (2.5) and (3.2) we have
It is easily seen that μ −1 is multiplicative, i.e., 
if n is odd,
Next, we investigate the properties of q-necklace polynomials when q = −1 in detail. It is well known that the necklace polynomial has deep connection with the celebrated cyclotomic identity,
, which was due to Gauss [5] . Here, if we replace negative sign in the denominators by positive sign, then we obtain a dual version of the cyclotomic identity such as
This identity was first introduced in [1, 6] , and has been called the cocyclotomic identity. It is well known that the exponent N(x, n) is given by
Conventionally, we assume that M(x, n) is zero for non-integral values n. More simply, we can write
The cocyclotomic identity can be understood more naturally in the context of the q-cyclotomic identity which was first introduced in [11] . The explicit form of the q-cyclotomic identity looks as follows:
(3.9)
Plugging q = −1 into Eqs. (3.7) and (3.9) gives rise to the formula
Assume that n is even, say n = 2 k n where k 1 and n is odd. In [1] , it was shown that
Now, we will provide a relation between M(x, n) and M(−x, n). To this end, we will compute the transition matrix from {M(x, n): n 1} to {M(−x, n): n 1}. More generally, put
It is easy to show that D and D are Q(q)-bases of xQ(q) [x] .
Proposition 3.4.
(a) For every n 1, M q (−x, n) is given as follows:
The transition matrix Q from D to D is given as follows: In particular, if q = 1, we can establish the following formula.
Corollary 3.5. For every positive integer
Finally we close this section by remarking that Eq. (3.9) gives rise to a general cyclotomic identity (qx,n) , where q, r, x, t are indeterminates.
Petrogradsky's Möbius function and necklace rings, and its relation with μ q
In 2003, Petrogradsky [13] introduced a function analogous to the classical Möbius function in the context of restricted Lie p-algebras. It is parametrized by the prime integers p. Remark 4.1. He denoted the above function by μ p , but it is completely different from our μ p . To avoid confusion, we will use μ (p) to denote Petrogradsky's μ p throughout this paper.
In this section, we show how μ (p) appears in the context of necklace rings and how it is related with our q-Möbius function μ q . We start with introducing isomorphic copies of the classical necklace ring. To do this, for each positive integer r, we introduce the rth Verschiebung operators (r ∈ N)
with b n r = 0 if n/r / ∈ N. Let A be a commutative ring with identity. For each positive integer k we define
Proposition 4.2. θ k is bijective.

Proof. Define a map
Then,
This implies the bijectiveness of θ k . 2
From the above proof it is obvious that the inverse of θ k is ψ k . Let us make A N into a ring via ψ k . We denote it by Nr (k) (A) . By definition θ k and ψ k are ring isomorphisms. Composing ψ k with ϕ, we obtain a map (2) coincides with Nr −1 .
Proposition 4.3. As a functor from the category of commutative rings with identity to itself, Nr
Proof. Put k = 2. For our purpose it is enough to show that θ 2 = n r q , where q = 1 and r = −1. And, to prove this, we have only to show 
We define an N × N matrix ζ (k) by
With this notation one can see that
Note that ζ (k) is invertible since it is a lower triangular matrix with 1 at the diagonals. Denote by
Exploiting Eq. (4.2) one can show easily that μ (k) (i, j ) = 0 unless j | n, and μ (k) 
Definition 4.4.
Let k be a positive integer. For every positive integer n, we define
By virtue of Eq. (4.2) we have the following recursive form: 
multiplicative if and only if k is a prime.
Proof. (a) Consider the element
. Then the inverse image of x for ϕ is given by (M(x, n)) n 1 . On the other hand, the inverse image of x for ϕ (k) is given by (M (k) (x, n)) n 1 , where
Thus,
Comparing the coefficient of x in the both sides of the above identity gives rise to the formula
If not, write it as mk s , where k m and s 1. Then,
(b) It is not difficult to show "if"-part (see Example 4.6). For the converse, let k be a composite, say
This shows that μ (k) is not multiplicative. 2 Example 4.6. Let k be a prime, say p. Then
So, in view of Eq. (3.5), we can conclude that μ (2) = μ −1 .
Pseudo-multiplicative property of μ q and functorial property of truncated q-necklace rings
Contrary to the classical Möbius function, our q-Möbius function μ q is no longer multiplicative in general. However, we show that it has a pseudo-multiplicative property, which can be deduced from a functorial isomorphism of q-deformed necklace rings. The proof of Theorem 5.1 will appear in Section 5.2. Note that μ q is still multiplicative in case where q = 1, 0, −1.
Functorial property of truncated q-necklace rings
To prove the above theorem, we first deal with a functorial property of truncated q-necklace rings. Let M, N be truncation sets, and let MN := {mn: m ∈ M, n ∈ N }. Then MN is also a truncation set. In particular, if M ∩ N = {1}, then MN ∼ = M × N . Assume that q is any integer. In [12] , it was shown that we have isomorphisms of functors, 
Proof of Theorem 5.1
Now, we are ready to show that Theorem 5.2 yields a pseudo-multiplicative property of μ q where q ∈ Z. From now on, all q-necklace rings are supposed to be defined over a Q-algebra. Assume that m, n are positive integers which are relatively prime. Let M (respectively N ) be the set of all divisors of m (respectively n). For simplicity of notation, we let
Comparing the nth component in both sides of the above equality gives rise to
Equivalently,
Thus, the mth entry of X n is given by
On the other hand, from the commutativity relation ϕ 
By applying the formulae (1) f m,n (q) = 1, and (2) f d,e (q) are numerical polynomials in q, that is, it takes an integer value at every integer argument.
Multiplicativity of μ (p) and truncated aperiodic rings
In Section 4 we remarked that μ (p) is multiplicative for every prime p. In this section, we show very briefly that it can be connected to a functorial property of certain truncated rings. In [14] , Varadarajan and Wehrhahn introduced the notion of the aperiodic ring and investigated its properties and relations with the ring of Witt vectors over a torsion-free ring. The aperiodic ring Ap(A) over a commutative ring A with identity can be characterized by the following properties:
(Ap1) As a set, it is A N . (Ap2) For any ring homomorphism f : A → B, the map Ap(f ) : a → (f (a n )) n 1 is a ring homomorphism for a = (a n ) n 1 ∈ Ap(A). 
, where
Since M ∩ N = {1} we can naturally identify gh N (gh M (A)) with gh MN (A). 
and let X = (X m,n ) m,n 1 . We also let
For our purpose it suffices to show that Z ∈ Ap a n t n : a n ∈ A, ∀n 1 . 
As a set, Λ(
Set P n (s 1 , . . . , s n ; σ 1 , . . . , σ n ) to be the coefficient of t n in
Then, the ring structure on Λ(A) 2 is given by the following rules:
(1) ⊕: Addition is just multiplication of power series. (2) : Multiplication is given by 1 + a n t n 1 + b n t n = 1 + P n (a 1 , . . . , a n ; b 1 , . . . , b n )t n .
We now, if possible, define a symmetric map From [9] it follows that s t is a ring isomorphism if A has structure of a binomial ring. Here, a binomial ring means a special λ-ring whose all Adams operations are identity, that is Ψ n = 1 for all n 1. Furthermore, in that case, the diagram Let A be a commutative ring with 1 and assume that q · 1 is invertible in A. Consider the map
It is easy to show that β q is bijective. We define Λ q (A) by the ring whose underlying set is 1 + AJtK + and whose ring operations are transported from Λ(A) via the map β q . Now, for a binomial ring A, consider the map Thus we can establish the following result. 
